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Abstract 

We establish a new a priori bound for L^-bounded sequences of 
solutions to the mKdV equations on the torus. This first enables us to 
construct weak solutions in for this equation and to check that the 
"solutions" constructed by Kappeler and Topalov in the defocusing 
case satisfy the equation in some weak sense. In a second time, we 
prove that the solution-map associated with the mKdV and the KdV 
equation are discontinuous for the (T) topology for respectively s < 
and s < — 1. These last results are sharp. 

1 Introduction 

In this paper we study different properties of the Cauchy problems posed 
on the flat torus T := M/27rZ associated with the Korteweg-de Vries (KdV) 
equation 

Wt + Wxxx - Qwwx = (1.1) 
and the modified Korteweg-de Vries (mKdV) equation 

vt + Vxxx =F Gv'^Vx = (1.2) 

Here, w and v are real- valued functions on T. For some results we will have 
to distinguish between two mKdV equations depending on the sign in front 
of the nonlinear term. (1.2) is called the defocussing mKdV equation when 
there is a minus sign in front of the nonlinear term and the focussing mKdV 
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equation when it is a plus sign. The Cauchy problem associated with these 
equations in space of rough functions on the torus has been extensively 
studied these last two decades. In a seminal paper [1], Bourgain proved 
that the Cauchy problem associated with the KdV equation is globally well- 
posed in H^{T), s > 0, whereas the one associated with the mKdV equation 
is globally wcll-posed in H^{T), s > 1, and locally well-posed in H^{T) for 
s > 1/2. The local well-posedness of the KdV equation was pushed down 
to H^{T), s > —1/2 by Kenig, Ponce and Vega [13] (see [6] for the global- 
wellposedness of the KdV and the mKdV equations in H^{T) for respectively 
s > —1/2 and s > 1/2.) The local well-posednesss results proved in these 
papers mean the following : for any initial data uq G H^{T) there exists a 
time T = T(||?xo||_ffs) > only depending on Uttoll//" and a solution u that 
satisfies the equation at least in some weak sense and is unique in some 
function space X ^ C{[0,T]; H^{T)). Moreover, for any i? > 0, the flow- 
map uq u is continuous from the ball centered at the origin with radius R 
of H' (T) into C( [0, T{R)] ; H" (T)) . Note that in ah these works, by a change 
of variables, the study of the KdV equation is actually restricted to initial 
data with mean value zero and the mKdV equation is substituting by the 
following "renormalized" equation : 

n. + ._T6(.^-/.>. = (1.3) 

where -Ju^ denotes the mean value of u'^. The best results quoted above 
are known to be sharp if one requires moreover the smoothness of the flow- 
map (cf. [3]) or the uniform continuity on bounded sets of the solution- 
map (cf. [4]) associated respectively with the KdV equation on space of 
functions with mean value zero and with (1.3). On the other hand, they 
have been improved if one only requires the continuity of the flow-map. In 
this direction, in [12]-[11], Kappeler and Topalov introduced the following 
notion of solutions which a priori does not always corresponds to the solution 
in the sense of distribution : A continuous curve 7 : (a, 6) ^ Hf^iJ) with 
G {a,b) and 7(0) = uo is called a solution of KdV equation (resp. mKdV 
equation) in H^{T) with initial data uq iff for any -sequence of initial 
data {uo^n} converging to uq in H^{T) and for any t G]a, 6[, the sequence 
of emanating solutions of the KdV equation (resp. mKdV equation) 

satisfies : Un{t) -> 7(i) in Hf^(T) 

Note that a solution in the sense of this definition is necessarily unique. 
With this notion of solution they proved the global well-posedness of the 
KdV and the defocusing mKV equations in H^{T) for respectively s > — 1 
and s > 0, with a solution-map which is continuous from H~^{T) (resp. 
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L2(T)) into C(M;i7-^(T)) (resp. C{R; L^{T))). Their proof is based on the 
inverse scattering method and thus depends in a crucial way of the complete 
integrability of these equations. It is worth noticing that, by Sobolcv em- 
bedding theorem, their solutions of the defocussing mKdV equation satisfy 
the equation in the distributional sense as soon as s > 1/6. Independently, 
Takaoka and Tsutsumi ([21]) extended the local well-posedness of the mKdV 
equation (with the classical notion of solutions) to H^{T) for s > 3/8 by 
modifying in a suitable way the Bourgain's space used as resolution space. 
This approach has been very recently improved by Nakanashi, Takaoka and 
Tsutsumi [19] and local well-poscdness has been pushed to H^{T) for s > 1/3 
(local existence of solutions is shown in H^{T) for s > 1/4) 

In this paper we first establish an a priori estimate for L^-boundcd se- 
quences of solutions to the mKdV equation. To this aim we slightly modify 
the spaces introduced by lonescu-Kenig and Tataru in [9] . Recall that these 
spaces are constructed by localizing in time the Bourgain spaces with a lo- 
calization in time that depends inversely on the space frequencies of the 
functions (see [14] and [5] for previous works in this direction). Note that, 
to some extent, this approach is a version for the Bourgain's spaces of the 
approach developped by Koch and Tzvetkov [15] in Strichartz spaces. Once 
our a priori estimate is established we translate it in the Bourgain's type 
spaces introduced in [9] . This enables us to pass to the limit on the nonlinear 
term by separating resonant and non resonant parts. Following some ideas 
developped in [16], we then derive a non continuity result for the mKdV 
equation in H^{T) for s < 0. On the other hand, we obtain the existence 
of weak L^-solutions of (1.3) and prove that the L^-solutions constructed 
in [12] of the defocusing mKdV equation satisfy the equation in some weak 
sense. Finally, we follow some ideas of [17] and use properties of the Riccati 
map proved in [10] to derive a non continuity result for the KdV equation 
in H%T) for s < -1. 

1.1 Statement of the results 

Our results can be summarized in the two following theorems. The first one 
deals with the discontinuity of the solution-map associated with the KdV 
and mKdV equations. 

Theorem 1.1. The Cauchy problems associated with the KdV equation and 
the mKdV equation are ill-posed in H^{T) for respectively s < — 1 and s < 0. 
More precisely, 
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i) for any T > and any s < —1, the solution-map uq i-^ u associ- 
ated with the KdV equation is discontinous at any uq G Hq°(T) from 
H^{T), endowed with the topology inducted by H%T), into V'{]0, T[xT). 

a) for any T > and any s < 0, the solution-map uq i-^ u associated 
with the mKdV equation is discontinous at any non constant function 
uq G H°°{T) from H°°{T), endowed with the topology inducted by 
H'{T), into P'(]0,r[xT). 

Remark 1.1. Actually we prove the following assertions : 

i') For any T > 0, the solution-map uq u associated with the KdV 
equation is discontinous, at any uq € Hq^{T), from Hq°{T) endowed 
with the weak topology of H-^{T) into P'(]0,T[xT). 

ii') For any T > 0, the solution-map uq ^ u associated with the mKdV 
equation is discontinous, at any non constant function uq G H°°{T), 
from H°°{T) endowed with the weak topology ofL^iT) into P'(]0, r[xT). 

ii") Let Uq G H°°{T) be a non constant function. There exists no T > 
such that for all t G]0,r[ the flow-map uq ^ u{t) associated with the 
mKdV equation is continuous, at uq , from H°°iT) endowed with the 
weak topology of L'^{T) into D'(T) . 

Remark 1.2. Our proof of the ill-posedness of the KdV equation below 
H~^{T) is heavily related to the algebraic structure of the equation via the 
Miura map. However, it is interesting to notice that, in [18], a similar result 
is proved for the KdV-Burgers equation with a completely different method. 

The second one deals with the existence of weak L^-solutions to the 
mKdV equation. 

Theorem 1.2. 

i) For any uq € L^(T) there exists a weak solution u G C^(M;L^(T)) n 
(Us<o-F*'^/^) of mKdV such that u{0) = uq. Moreover, u{t) uq in 
L2(T) ast^O. 

ii) The C{M.] L'^(T))- functions determined by the unique continuous ex- 
tension to C(M;L2(T)) of the C(M;i?°°(T)) solution-map of the defo- 
cusing mKdV equation, constructed in [11], are weak solutions of the 
mKdV equation and belong to Usko^^'^^"^ ■ 
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Remark 1.3. The function spaces F^'^/^ are defined by (2.4) when substi- 
tuting the linear KdV group U{-) by the linear group V{-) defined in (5.13). 
Our notion of weak solution to mKdV is described in Definition 5.2 (see also 
(5.14) for assertion ii)). 

Remark 1.4. Once, the second assertion of Theorem 1.2 is established, the 
first assertion seems to have no more interest for the defocusing mKdV equa- 
tion ( note that the first assertion is, up to our knowledge, the only available 
existence result of global weak Lp'iT)- solutions for the focusing mKdV equa- 
tion). However, the proof of assertion 2 uses the complete integrability of 
the equation which is not a priori conserved by perturbations. On the other 
hand, the proof of assertion 1 seems to be widely more tractable and for 
instance certainly works for a wide class of perturbations of the defocusing 
mKdV equation. For instance. 

Damped mKdV : ut + Uxxx + I'u^ u^Ux = 0, u > 

KdV-mKdV : Ut + u^xx T u'^Ux T uux = 0, 

Remark 1.5. We also construct in Proposition 5.2 global weak solutions 
for the "renormalized" mKdV equation (1.3). 

This paper is organized as follows: In the next section we introduce 
the notations and the functions spaces we wih work with. We also give 
some useful estimates for time-localized functions. In Section 3 we recall 
general linear estimates in such functions spaces and some linear and bilinear 
estimates relating to the KdV group. Section 4 is devoted to the proof of 
the uniform bound for L^(T)-bounded sequence of solutions to mKdV. We 
prove Theorem 1.2 in Section 5 and Theorem 1.1 in Section 6. Finally, in 
the appendix we first give a simplified proof of the continuous embedding 
in L^(R X T) of some Bourgain's space related to the KdV group. Then, for 
sake of completeness, we prove some needed bilinear estimates and sketch 
the proof of some properties of the Riccati map u ^ u' -\- —-^ . 

2 Notations and functional spaces 
2.1 Notations 

For x,y G W^, a; ~ y means that there exist Ci, C2 > such that 
Cix < y < C2X. X < y and x > y mean that there exists C2 > such 
that respectively x < C2y and x > C2y- For a Banach space X, we denote 
by II • \\x the norm in X. 
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We will use the same notations as in [6] and [7] to deal with Fourier trans- 
form of space periodic functions with a large period A. {d^)x will be the 
renormalized counting measure on A~^Z : 



As written in [7], {d^)\ is the counting measure on the integers when A = 1 
and converges weakly to the Lebesguc measure when A — )■ oo. In all the 
text, all the Lebesgue norms in ^ will be with respect to the measure {d^)\- 
For a (27rA)-periodic function ip, we define its space Fourier transform on 
A-^Z by 

J XT 

We denote by [/(•) the free group associated with the linearized Korteweg-de 
Vries equation, 

The Lebesgue spaces L^, 1 < g < oo, for (27rA)-periodic functions, will be 
defined as usually by 



\^ix)\Ux) 

AT ^ 



with the obvious modification for q = oo. 

We define the Sobolev spaces for (27rA)-periodic functions by 

MHi = \mMO\\Li = \\JMLi , 

where (•) = (1 + | • p)i/2 and ^(C) = {0"${0- 

Note that the closed subspace of zero mean value functions of i7| will be 
denoted by -^q^^ (it is equipped with the H^-norm). 

In the same way, for a function u(t, a;) on M x AT, we define its space-time 
Fourier transform by 

n(r, = J^tA^Kr, = [ [ e-^(-*+^-) u{t, x) dxdt, V(r, e Mx A-^Z . 

JR J AT 

L^L^ and Lj,L'^^ will denote respectively the Lebesgue spaces 

\H\lplI = [f \Ht,-)\\li^dtY^ and /" •)||^, dt) 
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with the obvious modification for p = oo. 

For any (s, b) G M?, we define the Bourgain space X^'^, of (27rA)-periodic (in 
a;) functions as the completion of 5(AT x M) for the norm 

= Wir-pmHO'^L-^ = \\{r)'{0'J'tAUi-t)u)h. , (2.1) 
T,i T,i 

For r > and a function space Bx, we denote by Bt^x the corresponding 
restriction in time space endowed with the norm 

\Mbt,x = inf {II^IIb,, w{-) = n(-) on ] - r,r[} . 
weBx 

Finally, for all function spaces of (27rA)-periodic functions, we will drop the 
index A when A = 1. 



2.2 Bourgain's spaces on frequency dependent time intervals 

We will need a Littlcwood-Palcy analysis. Let V ^ C'o°(M) be an even 
function such that > 0, supp^ C [-3/2,3/2], ijj = 1 on [-5/4,5/4]. 
We set r/o := and for all k G N*, ^(C) := - '0(2~*^+^C) and 

:= ^f{2-''■) = Ylj=oVk- We also set fjo := '0(2-^-) and for all k G N*, 

The Fourier multiplicator operators by rjj, f}j and ry<j will be denoted re- 
spectively by Aj, Aj and Sj, and the projection on the constant Fourier 
mode will be denoted by Pq , i.e. for any u G L^(AT) 

AjU := r/jU, AjU := fjjU, SjU := ri<jU and Po{u) = - — - / u{x)dx. 

27rA J XT 

By a slight abuse of notations, we will also define the operator Aj, Aj and 
Pq on L^(AT X ]R)-functions by the same formula. Finally, for any I G N we 
define the functions ui on A~^Z x R by 

M.(,T):=r]{T-p{0) ■ (2.2) 
Let < 5 < 1, G N, io G Mand / G C~(ATx]to - 2-^ to + 2-''[), we define 

\\f\U := _inf {||/||^o,M, / = /on]^o-2-^^o + 2-'=[} 
where X^'^'^ is the Bourgain's type space defined by 



/ G 5'(AT x 



^0,6,1 



j=0 
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Our a priori estimate will take place in the normed space G\ defined as the 
completion of C°°(AT x R) for the norm 



k :=sup5;||A,/||2 



fe>0 



(2.3) 



Once our a priori estimate will be established we will make use of the spaces 
F^'**, introduced in [9], that are endowed with the norm 



(2.4) 



fc>0 



To handle the nonlinear term, for /c G N, we will also need to introduce the 
function space ^ defined as the completion of (AT x R) for the following 
norm : 

\\f\\zl,=J2^''\WA^,r){T-p{0+i2'')-'f\\L^ • (2-5) 
j>o 

Finally, for io e R and / G L'^{Tx]to - 2'^, to + 2-'=[), we define 

:=Jnf {\\f\U f = f on ]to-2-\to + 2-'[} . 



2.3 Some useful estimates for localized in time functions 

Following [9] , wc state the lemma below that will be uscbil in the linear esti- 
mates and also in the nonlinear estimates when we will localize the functions 
on time interval of length of order 2~' . 

Lemma 2.1. Let he given b G [0, 1[, A > 1 and f € X^''^'^ . Then for all 
I eN it holds 



ri<l{r-p{0) [ \mr')\{2-'{l+2-'\r-T'\r'dT' < (1V2 



,(6-l/2)« 



X' 



0,6,1 



(2.6) 



and 



J2 Vj{r-P{0) [ |/(e,r')|2-'(l + 2-' 



T — T 



j>l+l 



r2 



< (1 V 2(''-V2); 



^0,6,1 . 



(2.7) 
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Proof. For h G [0, 1/2] and Z G N, we get by Cauchy-Schwarz in r', 
/f.':=2'" 7?<Kr-p(0) / |/(C,r')|2-^(l + 2-'|r-r'|)-^dr' 



00 ,. 

V<l{r-P{0)Y1 / M^,r')\mr')\'^-'i^ + 2-'\r-r'\)-Ur' 



Li 



< 2M' n<iiT-p{o)Y.i'/\ ^.(e,T0i/(e,T0i(r'-KO)^ 

g=0 



where 



7-6,^ . 
9 



sup ( / ^,(r'-p(0)(l + 2-V-r'|)-«(r'-p(0)-''dr') 
But, for g < Z + 2, 

J M 



1/2 



\-b)l 



and for g > Z + 3. noticing tliat \t — t'\ ~ 2^ » 2' in the region where the 
integrand is not vanishing, we obtain 

Gathering tlie above estimates, we eventually get 
jh,l < 2(b-i)i2V22(|-i 



,0,6,1 



,0,6,1 



which proves (2.6) for h G [0,1/2]. The case h > 1/2 follows immediately 
by using the result for 6 = 1/2 and controlling the X°'^'^^'''^-norm by the 

vO,b,l 

-norm. 

Now to prove (2.7), we first notice that by the mean- value theorem, 
Mr - piO) - Vjir' - p{0)\ < 2-^> - r'l 
and it thus would be sufficient to estimate 

J2 r),{T'-pmmr')\2-^{l + 2-^\r-T'\)-UA 



j>l+l 



+ 



J] 2(^-1)^- / fjj{r'-p{0)mT')\2-^-r 



r — T 



+ 2-'|t-t'|)4 



dr' 



Li 
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By identifying a convolution term and appfying generalized Young's inequal- 
ity, we can bound the first term for any 6 > by 

j>l+i -^^ j>i+i 

We call by J^''' the second term. For b G [0, 1/2] we proceed as for (2.6) to 
get 



j>l+l q=0 

with 



b,l 



sup ( / fjg{T'-p{0)\r - rf (1 + 2-V - r'\r' {r' - p{0)-'' dr') 



A 1/2 



(r-p(0>e[2^-2,2^+2] 

For g < j — 5, we use that |t — r'| ~ 2-' > 2Mn the region where the integrand 
is not vanishing to get 

< 2^2<'-^) Ur' - Pmr' - p{i))-'' dr') 

< 2-?2''(^"^')2(5"^)'' < 2'^^2"(i+^)^' 
whereas for g > i — 4, we easily get 

< 2-^-?2T. 



(1 + 2-'|t|)4 
Gathering these estimates we conclude that 



LI 



< ll/llxO.M2-'2i 2(^-^)^2^/22-^^ <||/||^o,m2'/^ E 2-^/^ < hjh^o.m 

^ j=i+i ^ j=i+i ^ 

This proves (2.7) for b G [0, 1/2]. Finally, in the case b g]1/2, 1] we observe 
that 

oo 

< 2-1 Y 2(^-i)^2-^/2||f?,(r-p(0)E J^f '||-,(e,r')|/(C,r')|(r'-p(0>^/^ 

j>l+l q=0 
1/2 1 

and the above bounds on J^j ' lead to 



J"'' < ll/ll^o,V2,i2V2 Y 2(''-i)^2-^/2<2(''-|)'||/||^o^ 



6,1 . 



□ 
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Remark 2.1. A very useful corollary of the preceding lemma is the follow- 

and 7 G 



ing: Let h € [0,1/2], / G and 7 G C~(R) with support in ] - 2,2[. 



Then for all k &N, it holds 

||7(2^t)/IU0,M < ||/||;,0,M (2.8) 

and 

\\v<k{r-p{0)J'M2't)f)h.^^ < 2-^^||/||^o,M . (2.9) 

Remark 2.2. It is easy to check that G\ is continuously embedded in 
L°°(R; L|(T)). Indeed, for any u G G\, to eM. and k eN, taking a function 

u G xj'^/^'^ such that u = u on]to- 2''', to + 2-'=[ and 

llttll^O, 1/2,1 < 2||'U||^l/2 , 
A X,k,tQ 

it holds 

J-^(Afc«(io))(0 = / H^ku{^,T))e'''^ dT 

JR 

According to the obvious estimate 

I 1/(4, tOMt'I < 11/11^0,1/2,1, V/GX;'^/''\ (2.10) 



this leads to 



\'^ku{to)\\L2 < ||Afe?i|| 0,1/2,1 < IIAfcull 1/2 

^ X X,k,tQ 



Squaring and summing in k one obtains that 

II'"IIl-l2{at)) ^ \\u\\gx ■ (2-11) 
On the other hand, it seems pretty clear that G\ is not included in C(M; L^(T)). 

3 Some linear and bilinear estimates 
3.1 General linear estimates 

We first derive linear estimates that do not depend on the dispersive Unear 
group associated with our functional space. We mainly follow [14]- [9]. 

Lemma 3.1. Let be given b G [1/2, 1[. Then Vy? G and all k e n, it 

holds 

\mtMp^^^<2('-'^^^hi. (3.1) 
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Proof. Clearly, it suffices to prove that for any A; G N, 

||%(2'=t)C/(-VII;,0,M<2(''-i)^||^|L. . 

Notice that the left-hand side member of the above inequality is bounded 

by 

oo 

(5]2^^||r?,(r)2-'=^o(2-MllL?)ll¥'llL- 

Since r/o € C^{R), rjo decays at least as (1 + \y\)~^ and thus 

||r?,-(T)2-^^o(2-V)|k? < ||r?,(r)2-'=(l+2-^|r|)-^)|U. <2-'=2^-/2^in(1^2<^-^)) 

(3.2) 

Hence, 

^2^^||r?,-(r)2-^^o(2-V)|k. <2(^-^)^ 

j=0 

and 

OD OO 

j=fc+2 j=fc+2 

Lemma 3.2. Let he given b € [1/2, 1[. Then for any G N and any f G 
^Xko holds 

f Uit - t')f{t') dt' < 2(^-^)'=||/|U. ^ . (3.3) 

Proof. Let f E Z^j^he and extension of / such that \\f\\zb < 211/11^6 

v:=rio{2H) f U{t - t')f{t') dt' . 
Jo 



We set 



Then 



Vo{2't) / — 



= .Ft(?7o(2'=i)) * 



U(r-p(e)) 



^t,.(/)tirJ(e,T) 
-^t(e**^(^^%(2'=t)) / ./^'"^-^"L dr^ 



i(T'-p(0) 



= / A.(/)(r',0 



2-^77o(2-fe(T - rQ) - 2-fe7?o(2-^(r - pjQ)) 



dr' 
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Now we claim that 

2-%{2-''{t - t')) - 2-^o{2-\t - vim 
1= 



|r'-p(0 + ^2*^| 



\r'-pm 

< 2-\l + 2-'=|t - r'l)-^ + 2-\l + 2-'=|t (3.4) 
Assuming (3.4) for a while, it follows that 



IHIx.,M £ E2lh,(-K«))X(^4|f^2-'(l + 2-V-/|)-ci/ 

+ f 2>f ,,(r - ,(0)2''-(l + 2-V -rtOD-^X ir' -'ml'*) 

The desired bound on the first term of the above right-hand side member 
follows directly from (2.6)-(2.7). To obtain the desired bound on the second 

term, we combine (2.10) and (3.2). 

It thus remains to prove (3.4). For this we first notice that, since ??o(y) = 
r]o{\y\), by the mean-value theorem there exists 9 g]|t — t'|, |r — p(C)|[ such 
that 

2-%i2'\T-T'))-2-%{2->'iT-pm\<'^''%i'^-''0)\r'-pm ■ (3-5) 
Furthermore, since rjo G 5(M), 

\Uy)\ + Woiy)\<a + \y\r''- 

Let us now separate three cases : 



k ~ P{0\ ^ 2^^. Then (3.4) is obvious whenever |r' — p{^)\ > 2^ and 
follows directly from (3.5) whenever |t' — p{C)\ < 2 



k 



• \t — p(^)| > 2^ and |r — r'| ~ |t — p(C)|. Then wc must have \9\ ~ 
\t-p{^)\ and |r' -p(^) -h i2^\ < |t - p(^)|.Therefore (3.5) leads to 

I < 2-2^(1 + 2-^|r - piOr'lr - p{0\ < 2-^(1 + 2-'=|r - piOT^ 

• k-p(OI > 2'' and \t-t'\ ^ \T-p{C)\ . Then |r'-p(0| ~ (|r-p(0|V 
|r' — t|) > 2'^ and (3.4) follows directly from the decay of ryo. □ 
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3.2 Specific linear and bilineeir estimates 

We will also need estimates that are specific for Bourgain's spaces associated 
with the KdV linear group. We first recall the following Strichartz's type 
estimate proved in [1] (we give a simplified proof of this estimate in the 
appendix) : 

Lemma 3.3. For any A > 1 and any u G x'^'^^^ , it holds 

\H\lU ~ (3-6) 



A 



Finally we will make a frequent use of the following bilinear estimates 
that can be deduced for instance from [22] (we give a proof of these estimates 
in the appendix since we need to quantify the dependence of these estimates 
with respect to the period A): 

Lemma 3.4. Let A > 1 and let ui and U2 be two real valued functions 
defined on M x (A~^Z) with the following support properties 

(r,0 e supptxi ^ (r - <Li,i = 1, 2. 

Then for any N > the following estimates holds: 

lkl*^^2||L2L2(|{|>Af) ^ (Ll AL2)^/^( *''^^^j^^^ + A~^/^)||ui||i2||?X2||L2 , 

(3.7) 

and 

I|A[A^](^i,^2)||l2^ <(^iAL2)V2( (-^^^^^^'^% A-^/^)||^i||^.||^2||l2- 

(3.8) 

where A[N] : (L2(R x A-^Z))^ ^ L°°(R x A-^Z) is defined by 
A[N]{ui,U2){t,0= / / ui{Ti,^i)u2{r-ri,^-^i){d^i)xdTi 



4 A priori estimate for smooth solutions to (1.3) 

As in previous works on mKdV on the torus (of. [1],[6]), we actually work 
with the " renormalized " mKdV equation (1.3) instead of the mKdV equa- 
tion itself. This permits to cancel some resonant part in the nonlinear 
term. Recall that for v G C{M.;H'^), a smooth solution to mKdV with 



14 



initial data vq, the L^-norm of v is a constant of the motion and thus 
u(t,x) '■= v(t,x ^ ■^\\vo\\^j^2) satisfies (1.3). 

Denoting by N{u) the nonhnear term of (1.3), it holds for any ^ G X~^Z, 



6i 



^(6)^(6)6^(6) 



A2 
A2" 



«l+€2+€3=« 
€l+«2#0 



E 



-"(6)^(6)^(6) 



€l+52+€3=« 
«l+«2)«l+S3)(«2+«3)^0 



i^J^x A{u,u,u) {S,)+J^x B{u,u,u) (6) 



I.e. 



6{u^ - Po{u^))ux = dx {^A{u, u, u) + B{u, u, u)j . (4.1) 

According to the resonance relation (4.15), A is non resonant whereas B is 
a resonant term. As pointing out in [21], yl is a "good term" as far as one 
wants to solve the equation in H^(T) for s > 1/4. On the other hand, is a 
bad term as soon as one wants to solve the equation below i7^/^(T), giving 
rise to rapid oscillations that breaks the uniform continuity on bounded set 
of the flow-map. 

Proposition 4.1. LetX>l and u G C{R; H°^{XT)) be a solution to (1.3). 
Then, 

M\Gx ^ II«IIl-(R;L2) + Wufc^ (4.2) 



Proof. From the definition of the norm Gx, we have to bound sup \^ || Afcii|p 



'fe>0 



1/2 . 

X,k,tQ 



We use that for any {to,t) G R^, it holds 

u{t) = U{t - to)u{to) + U{t- t')dx(^A{u{t')) + B{u{t')^dt' . 

By translation in time we can always assume that to = and according to 
Lemmas 3.1-3.2, 



\\U{t)Akum\^i/2 < ||Afcu(0)||i2 
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and 



<\\/^A{A{^))+B{u))\\^y. . 



/ U{t-t')da,/:^k{A{u{t'))+B{u{t'))dt' 
Jo 

Since J2k>o II^A;^t(0)||^2 ~ 11^11^00(^.^2), it remains to prove that 

oo 

^22^(||A,^(n)|||,/2 + l|A,i?(n)|||,/2 ) < ll^ll^, ■ 
This is the aim of the two following lemmas. 

Lemma 4.1. Let be given to & R, \ > 1 and Ui G Gx for i = 1,2, 3. Then 
it holds 

oo 3 

k=0 i=l 

Proof. By translation in time, we can take to = 0. For any fixed k e N, 
we take a time extension ui of ui such that || Ajfc-uiH y0,i/2,i < 2|| Ayttxi || 1/2 . 

Then, in view of the structure of B, it holds 



L2 



Z>0 



where v\ = r]o{2^t)ui and = r}Q{2^t)ui, i = 2,3. By duality it suffices to 
prove that 



Ik := r 



(j^^t [B{AkVi, AkV2, AkV3)\ + i2^)-^v}) 



L2 



< 



sup(2-'/2||^^^||^^)||^^^^||^^_^^^_^-|-|-||^^^^^.||^^_^^^_^ _ (43) 



Indeed, first, according to (2.8) for any G N* and any u G C(M x AT), 

fe-i fe-i 

-1^11^0,1/2,1 



j=0 



j=0 



- A,j,0 



(4.4) 
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Second, taking a C°°-function 7 : R i-)- [0, 1] with compact support in [—1, 1] 
satisfying 7 = 1 on [—1/2, 1/2] and ^j^ez — ?^^) = 1 on R, we get for any 
j>keN, 

||r/o(2'=t)Ajn||^o,i/2,i < Yl Wli^^t - m)rio{2H)Aju\\ ^0,1/2,1 

m|<2:'-*= 

< Y W^Mf^/^ <2^-'=||u||g, . (4.5) 
Therefore, (4.3) will lead to 

3 

2^\\Ak{B{ui,U2,uz)^\\^i/2 < ||Afeni||xx,fc,onil'"'llGA 

i=2 

which will gives the result by squaring and summing in k. 

Since the norms in the right-hand side of (4.3) only see the size of the 
modulus of the Fourier transform of the functions we can assume that all 
the functions have non negative Fourier transforms. In view of the structure 
of B, using Cauchy-Schwarz, we get 

h ^ 2''\\rikVi * f]kV2\\L2({i)r^2'')\\(^{'r - + i^'^y'^fikW^ * %^^3|lL2((j)^2fe) 

where v{t,C) = v{-t,-C) for all (t,0 € Rx A'^Z. For A; = 0,1,2 this 
yields directly the result by using the Strichartz inequality (3.6). For k >3 
we introduce the following notation : we set 

k 

Ht,^ ■= Viir - f) for Z > and i^iir,^) := ^T/j(r - iox I = k . 

j=0 

(4.6) 
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According to Lemma 3.4 we obtain 

mm(/i,Z2,;3)>A: '>0 



L2 



< 2^^2^2~'-^^^^\\uiflkw\\i2 E l|i^/i%^'l||LHI%'?ifc^2||L2||z>;3%S3||i2 

max(2l(^l+'2+'3)2-^/2,2^2^2-^/^2l('l+'2)2-^/42T,2^2T) 

3 

< sup(2-'/2||j,^j^^^||^2)sup(2'/2||P;ry^^y^||^2)nsup(2'/2||P;f)^^y.||^2) 

I l>k l>k ^ ^ 

3 

< SUp(2"'/^||f/?7A;^?||L2)ll^fc^^l 11^0,1/2,1 JJ ||5'fc+ifi||^o,i/2,i (4.7) 



1=2 



where wc used (2.9) in tlic last step. □ 

Lemma 4.2. Let he given X> 1 and Ui G Gx for i = 1,2, 3. Then 

it holds 

oo 3 

J:=E2''||Afe(A(«i,t.2,n3))||lv2 <nil^^llG. • (4-8) 
fe=0 i=l 

Proof. Again by translation in time, we can take to = 0. Denoting by the 
Fourier modes of Ui, we can always assume by symmetry that > |^2| ^ 
l^al- We divide A in different terms corresponding to regions of (A~^Z)^. 
1-161 < 2^. 

Then it holds |6 + 6 + 61 < 2*^- By Sobolev inequalities and (3.6), 

7 3 2 

J <^[Yl\\vo{2H)S6Ui\\^oa/2,i] , 

k=0 1=1 ^ 

which is acceptable thanks to (4.4)-(4.5). 
2.161 >24 and 161 < 4|e|. 

In this region, it holds |^| |6I- We rewrite r]k{0 as ??A;(6) + ^ik(0 - %(6) 
and notice that by the mean- value theorem. 



\Vk 



(0-%(6)l<min(l,2-'=||e|-|6||) . (4.9) 
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Therefore, J < ^^(Ji^ + Js^) with 
fc=o 



X,k,0 



and 



J2,k '■= 2*^ 



pV2 
X,k,0 



(^Ai{vi,V2,V3)yO ■■= ^2 J2 ^1(6)^)2(6)^)3(6), (4.10) 

{«i.e2.«3)6e{«) 

24<|Si|<4|?| 

(A2{vi,V2,V3)Y0 '-J2 Yl ['^fe(^) ~ ^(6)] ^l(6)^2(6)^'3(6) , 



where 



(ei,e2.e3)6©(c) 

24<|eil<4|5l 



and 



e(0 := {(6,6,6) e A-^z, ^6 = 6 n (6+6) ^ and 161 < 161 < I6I} ■ 



• Estimate on Ji ^ 

For any fixed /c G N, we take a time extension -ui of ui such that || AfeUi || 0,1/2,1 < 
2||Afctii|| 1/2 . We set vi = rjQ[2^t)ui and Vi = r]o{2''t)ui, i = 2,3. By du- 



ality it suffices to prove that 



Hi,k '■= 2 



(j^^t [Ai{AkVi,V2, V3)\ , (r - + 12'')-^ Aw^ 



L2 



< 



sup{2-^/^\\iyiw\\L2)\\AkVi\\^o.i/2,. n \\Sk+3Vi\\ ^0,1/2.1 (4.11) 



1=2 



which is acceptable thanks to (4.4)-(4.5). Again, since the norms in the 
right-hand side of (4.11) only sec the size of the modulus of the Fourier 
transform of the functions we can assume that all the functions have non 
negative Fourier transforms. We separate four cases : 
A. < 0. Then |6 -|- 6| = |^ - 6| ~ |^|. Proceeding as in (4.7), we get 

Hl,k ^ 2^\\(^{t - f + i2^)~^f]kW^ *%^^l|lL2(|^|~2fe)ll^<fc+3^2 *??<fc+3^^3|lL2(|^|~2*=) 
3 

< sup(2-'/2||z/,Afeu;||^2)||Afei;i||^o.i/2,inil'5ik+3«i||^o,i/2.i . (4.12) 

' ^ i=2 ^ 
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B. < 0. Then |^i +^3] = |^ — ^2! ~ |^|- Therefore, exchanging the role 
of vi and V2, wc can proceed exactly as in the previous case. 

C. ^.^3 < 0. Then |Ci + ^2! = |C — '^al \^\- Therefore, exchanging the role 
of vi and ^3, we can proceed exactly as in the case A. 

D. 6, and ^3 are of the same sign. Then |^ - ^3] = |^i + ^2! ~ 
Therefore we can proceed exactly as in the previous case. 

• Estimate on J2,k 

For any fixed /c G N, we set Vi := r]Q{2'^t)ui, i = 1,2,3. By duality and 
(4.4)-(4.5), it suffices to prove that 



H. 



2,k 



(j^xt [^2(^1, «2, v^)] ,{T-e+ ^2^)-'SS) 



L2 



< 2-^/«SUp(2-'/2||zy,w;||^2)J]||5fe+3t;,||^o,i/2,i (4.13) 



i=l 



Since the norms in the right-hand side of (4.13) only see the size of the 
modulus of the Fourier transform of the functions we can assume that all 
the functions have non negative Fourier transforms. In view of (4.9), we 
thus infer that 



H2± < 2^= 



L2 



where 

J^xi^M{vi,V2,Vz)^{C) '■ = 



1 

A2 



[iA(2-^ lei-iai 1^1(^1)^2(6)1)3(^3) . 



(Sl,«2,«3)€e(«) 
24<|«i|<4|S| 



First to estimate the contribution of the region 



< lei'/', we proceed 



exactly as for Ji^k by separating the four cases A, B, C and D to obtain 

3 



I 



H2,k < 2-'=/Sup(2-'/2||z.,Afeu;||i2) J] \\Sk+3Vi\\^o., 
which is acceptable. 



1/2,1 



i=l 



lel - 161 > we notice that |6 + 61 = |C - 61 > 

(4.14) 



Now in the region 
l^p/^. Therefore, setting 

o- := cr{r,0 = t - and a, := cr(ri,6), i = 1,2,3, 
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we claim that the well-known resonance relation 



(7 - (71 - (72 - £73 = 3(^1 + 6) (6 + 6) (6 + 6) 

leads to (recall that |^| ~ |^i|) 

ma^(H,|a,|)>A-i|Cr/^ 



(4.15) 



(4.16) 



Indeed, either we are in the cases B ,C or D described above and then there 
exists i E 2,3 such that |^i + ~ |^| so that we are done or we are in 
the case A. In this last case, we first notice that |^2 + Csl ~ 1^1- Second, 
since < and |^| - |^i| > we must have \C\ < |6I - I^P^'' and 

1^1 = |^2| + 161 - 161- It follows that ICsl < 161 - and ensures that 

(4.16) holds also in this region. 

Using (3.7)-(3.8) and the notations (4.6), we get 

H2,k ^ 2^|[7?<fc+2'U2 * ry<fc+3'y3||L2(|^|>23fc/4) 



< 



I ^2 'n<k+3V2 II L2 m3V<k+3V3 \\i^2 



niin(li,l2,l:-i)>k.l>l.) 
nax(2',2'i)>A-l2'^'''/4 



3/4 



-{IVk) 



miV<k+3Vi\\L^mrikw\\L2 
3 

< 2~32 sup(2~^/^||f;r7fcu}| 

i=l 
3 

< 2-i sup(2-'/2||i,;Afcu;||i2) JJ \\Sk+3Vi\\ ^0.1/2,1 

1=1 



I 



L2)TT^^p (2'^^ll^''S'fc+3Wi||i,2 ) 

~_i l>k ^ ^' 



where in the last step we used (2.8)-(2.9). 

3.161 > 2^ and 1^1 > 4|C|. 
In this region it holds 



16 + 61 > ^161, 161 > ^161 and 161 < ^161 



(4.17) 



The two first above inequalities are clear. To prove the third one, we notice 

that in this region 66 ^ and we proceed by contradiction by assuming 
that 161 > 1 16 1- Then we first notice that if 66 ^ then we must have 
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ICI > 1^3 1 > ilCil which contradicts |^i| > 4|^|. Second, if ^1^3 < then we 
have 1^1 = 1^2! + 161 - 161 > f 161 - 161 = 3I6I which again contradicts 

I6l>4|ei . 

Therefore the resonance relation yields 

max(|(7|,|(7i|)>A-i|6|'. (4.18) 

In this region J < j| j^. where, for any fixed k J^^k is defined by 

fceN 



(4.19) 



ki>k l>0 



L2 



with 



^a.(^3(^^i,^^2,^^3))(0 J2 ^1(6)^)2(6)^3(6) (4.20) 



(«i.C2.53)6A{«) 

I€il>24,i5ii>4|ei 



and Vi := r]Q{2^t)ui, i = 1,2,3. 

Let 7 be a C°°-function 7 : M [0, 1] with compact support in [—1,1] 
satisfying 



7 



= 1 on [-1/2, 1/2] and ^ 7(i -mf = \ on M. (4.21) 



We set 



:= ■qQ{2h)^{2^H - m)ui = ^{2^H - m)vi, i = 1,2,3, meZ . 
Clearly, ^3(1)1, 1)2, fa) = ^ ^3(1'^^''", ^2^'™, ^3^'™). Therefore, by du- 

|"i|<2'=l-*^ 

ality it suffices to prove that 

ki>k |m|<2'=i-'= l>0 

3 

2-^e sup(2-'/2||^.i^,ii;|U2)|| sup n ||5fc,+i^;f''"||^o.iAi . (4.22) 



< 
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Indeed, this will be acceptable, since by proceeding as in (4.4)-(4.5), it is 
easily checked that 



■jUiW 1/2 



j=0 



q=-l 



A,fei,m2-'«l+q2-l.'«l 



(fel + 1) 



„i/2 



< 



Ui 



q=-2 



' A,fci+l,m2-'=l+q2-('=l+2) 



Since the norms in the right-hand side of (4.22) only see the size of the 

modulus of the Fourier transform of the functions we can assume that all the 
functions have non negative Fourier transforms. We will use the following 
notations : 

Ht, ■= m{r - C^) for / > ki and i>i{T, ^ := V<ki {r - f) for I = ki . 

(4.23) 

In view of (4.17), in this region it holds |^i| — l^s] > |^i| and 1.^ — ^21 ^ 
Lemma 3.4, (4.18) and (2.8)-(2.9) thus lead to 



^^^E E E2i|A[2'=^](%i?^>^<fci+i5^) 

ki>k |m|<2''i-'= '>0 



L2 



II ((■'" -f + ^2'') ^Vkwj * '7<fei+it;2'''"||i2(|^|>2fci) 



kl>k |m|<2'=l-'= min{ii,;2,!3)>fci,I>0 
~ max{2',2'i)>A-l22'=l 



^2{hVl3)/42-ki/4 _^ y-l/2Y/'^2^lfM2)/2^2^V'Jl2)/i2-ki/i ^ A"^/2)2" 



(/Vfc) 



i~ fci.mii ii~ fci,m|i 11 ~ fci,m|i ii 

WhV<k+lV2 l|L2||t'/3^<iki+l^'3 h-^lWliVkiVi WL^lWlVkMlL^ 



< 



2''2-'^ek^sup(2-^^\\iyir)kw\\L2^l[snp(2W\^^^^ 

(4.24) 



< E^ « sup(2 32'||z/;ryfcu5||^2) sup [TTll^fci 

fcT>fe ' ^ ^ \m\<2H-''%\ 



ki,m\ 



0,15/32,1 



which yields (4.22) by summing in ki and concludes the proof of the lemma. 

□ 
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Corollary 4.1. There exists £o > such that any A > 1 and any solution 
u e C°°{R;H°°{XT)) to (1.3) satisfying \\uo\\l2^ < Eq, it holds 

II^IIga ^ \Wo\\lI ■ (4.25) 

Proof. We are going to implement a continuity argument on the space pe- 
riod. Recall that if u{t, x) is a smooth global 2A7r-periodic solution of (1.3) 
with initial data uq then up{t.,x) = (3'^u{l3^'^t, jS^^x) is a (27rA/3)-periodic 
solution of (1.3) emanating from uo,/? = P~^uo{P~^x). Moreover, 

WuoAlI^ =P~^^^ho\\Ll and ||no,^||^ji^ < ^~^/^||no||^i . 

Prom the conservation of the L^-norm and of the Energy, 

and Sobolev inequalities (in the focusing case) , we get 

II^/3|Il°°(ir;l2^) = IWoAlI^ and Wu/bWl^^^.hI^) < ||«o,/3||hi^(1 + Il«0,/3|li2^) 

In particular, it follows from (4.2) that for ^ > 1, 

Unfile,, < C(|K||^2 + I|tx^||^ J , (4.26) 

for some constant C > 0. Now, from classical linear estimates in Bourgain's 
spaces and the Duhamel formula, it holds 

\Mg^P < sup \\r]o{t - to)up\\ 0,1/2,1 <\\u0{to)\\^2 +\\{ul- Po{ul))d^Up\\L2Qt^_2,to+2l-,Ll,) 

Therefore for /3 > 1 large enough (depending on ||tio||//i), ||^/3||ga/3 — 
C ||'Uo||l2 • Recalling that thanks to the infinite number of conservation laws, 
u actually belongs to C^{R; H°°{\T)), (3 i-^ ||'"/3||ga/3 is continuous on R*^_ 
and the result follows from (4.26) and a classical continuity argument. 

5 Proof of Theorem 1.2 

In this section we follow the process proposed in [16] to identify the limit of 
a L^-bounded sequence of solutions to mKdV. To pass to the limit on the 
nonlinear term in (1.3), we will make use of the space F^'j' introduced in [9]. 
We will need the following lemma which states that for any s < 0, 6 < 1/2 
and T > 0, G\ is compactly embedded in F^'!^. 
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Lemma 5.1. Let A > 1 and {iXnlneN be a hounded sequence ofGx. Then 
for any T > 0, s < and b < 1/2, {un}nef^ relatively compact in F^'^. 

Proof. First we observe that for any s < and any u E Gx, 
'%.V2 = j;22'=^sup||A,«||^,/, 



< (5^22'=^)supsup||Afeuf 

< (c{s)\\u\\G,y . (5.1) 

s 1/2 

Hence Gx ^ F^' ' . Second, proceeding as in Remark 2.2, it is easy to 

s 1/2 

check that there exists Co > such that for ah s < and v E F^' ' , 

lkl|L°°(R;ff|) < Co \\v\\^s,l/2 . (5.2) 

Let us now prove the desired result. Wc will use a diagonal extraction 
argument. Let us fix s' < 0, 6' < 1/2 and T > 0. We notice that for any 
fixed ko G N, there exists Ck^ > such that 

\\Sko''^\\„s\b' < \\SkoV\\ ^/y < Cko\\SkoV\\ s'M 

Indeed, the first inequahty is obvious and the second one follows from the 
following chain of inequalities for any v E F^^ , 

< E2''''ll^o(^)A,Sfe„{)||^oy 

^'"^ A:=0 ^ 

fco + 1 



~ {Cko\\SkoV\\ps'M 



where v is an extension of v such that ||S'fcQf|| s',6' < 2115^(5^11 s', 6'. Since, 



according to (5.1), {«n}n>o is bounded in F^ it follows that {SkoUn}n>o 
is bounded in for any kQ > 0. Now, using that for s < s' and b < b', 

■^XT+i i^ compactly embedded in X^'^_^j^, we deduce that there exists a 
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subsequence {un^} of and a sequence {wf-} C F^'!^_^^ such that for any 
keN, 

SkUng Wk in • (5-^) 

We define G - T - l,r + l[xT) by AkW = AkWk+i for ah k e N. 
Clearly, for all ko > 0, 



feo 

y22^''' sup \\Akw\\l, < V22'=^supsup||Afe«„||^, <sup||un||^^ 



which ensures that w G F'^'t- Moreover, proceeding as in (5.1), it easy to 
check that 



lim sup II y AkUn\\ps,b = 0. 

It thus follows from (5.3) that \\un„ — '"'llpo.b — )■ as g — )■ oo. □ 

The following proposition states that our sequence of solution is uni- 

formly cqui-contimious in H^(T) for any s < 0. 

Proposition 5.1. Let A > 1 and {un}neN be a sequence of smooth solutions 
to (1.3) that is bounded in G\. Then, for any £ > and s < 0, there exists 
5e,s > such that V(ii,i2) e 

1*1 -t2\ < Se,s \\Un{tl) - Un{t2)\\Hl < S, Vn € N . 

Proof. First we claim that if we prove that {«n} is bounded in F^'^ for some 
6 > 1/2 and s < then we are done. To prove this claim, we fix s := sq < 

and we set 

M := sup(||n„||G;, + ||'U„|L.o.f') • 
For any given £ > 0, we denote by ke the smaller integer such that 

K — Ks 

From (5.1)-(5.2) and (5.4) we infer that 



oo 



Yl ^kUnih)- Yl ^kUn{t2) < 2Co ^ AfcU^ 1/2 < £/2 



k=ke+l k=ke + l ^ k=ke + l 
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Now, let 7 : R — )■ [0, 1] be a C°°-function with compact support in [—1, 1] 
satisfying 7 = 1 on [-1/2,1/2]. By (2.10), for \ti - t2\ < and any 

i? > 0, it holds 



k=0 



1^(7(2*^(^1 - ti))AkUn{tl) - ^{2\t2 - ti))AkUn{t2)) 



fc=0 



E 2'''° II / J't,x (7(2' (i - ti))AkUn) (^, r)(e'*i- - e^'^ dr 



k=0 

< C{so) sup \R%-t2\^ 

0<k<ke 



^1 



R 



-R 



J^t,x{^kl{2Ht-ti))un){^,r) 



dr 



+ 



[ J'tJ^kl{2Ht-ti))un){^,r] 
J\t\>R ^ ' 



dr 



< C{so)R'\h-t2\^ sup Ak^{2\t-h))Ur. 

0<k<ke L 

2 



vO, 1/2,1 



+R 



l-2b 



Ak^{2\t-h))Un 



^0,6,1 



< C{so)M{\t,-t2\^R^ + R'-^H^'-^^^^) , 

where in the last step we use that, according to (2.6)-(2.7) , for all h G [1/2, 1[ 
and all A; G N, 

ll7(2'=t)/llxO,M < 2(^-|)'=||/||^o,M , V/ G . 
Taking R := \ti - 421"^+^, (5.5) leads to 



(5 



|X^(AfcU„(ti) - Afcu„(i2)) 



k=0 



6-1/2 

<C{e,M,b)\ti-t2\^ 



6+1/2 
£ ^ 6-1/2 1 



This gives the desired result for s — sq and S^^so ■ — ^^^^[217' ( 2C{e M b) 
Finally, the result for any s G.]sq,0[ follows by interpolating with (2.11). 

We are thus reduced to prove that {un} is bounded in F^^'^ for some 
b > 1/2. We proceed as in Proposition 4.1 and write that for any {to, t) G R^, 
it holds 

u{t) = U{t - to)u{to) + U{t- t')da:(^A{u{t')) + B{u{t')^dt' . 



27 



By translation in time we can always assume that to = and according to 
Lemmas 3.1-3.2, for any b g]1/2, 1[, 



||C/(i)Afc^(0)||.. < 2(^-V2)fc||A,n(0)||^. < 2(^-V2)'=||A,^|| . 

X,k,0 A f A 



and 



U{t-t')d^Ak{A{u{t'))+B{uit'))dt' 
Therefore, for any b g]1/2, 1[, 



<2('-h)>'2'^\\AUA{u))+B{i 



|2 

If? 



\\U{t)uf = ^2'^'^sup\\U{t)Aku\\ 

< 5]2-4'=2(^^-^^||A,n||^ 

feGN 

< C{b)\\u\\l^^,^<C{b)\\ufG^, 



(5.6) 



where we used (2.11) in the last step. In the remaining we assume that 
b e]l/2, 1/2 + ^[. It remains to prove that 

oo 

E3(||A.-4(„)|||; + l|A.B(«)ft;^ j < \H%^ . 

k=0 ^ 

To control the term involving B, we proceed as in Lemma 4.1. By duality 
it suffices to prove that 



Ik := 



L2 



< 2-''/\np{2-'''\\uiw\\L2)l[\\Sk+iv^\\^oa/2,i 



i=l 



where Vi := 'qQ{2^t)ui. For k = 0,1,2, this follows directly from (3.6), 
whereas for A; > 3 we deduce from (4.7) that 



h < 2-^=2(^-1)'= suv{2-''\\nw\\L^) n \\Sk+i 



11^0,1/2,1 



which is acceptable. 

Now to estimate the term involving A we denote by the Fourier modes 
of Ui and we assume by symmetry that > |^2| > |&|- We divide A in 
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different terms corresponding to regions of (AZ)^. 

l-l^il < 2^. This region can be treated as in Lemma 4.2 by using (3.6). 
2. 1^1 1 > 2*^ and |^i| < 4|^|. By duality it suffices to prove that 



L2 



< 2-''/^sup{2-''\\i^iw\\L.)l[\\Sk+3Vi\\^o. 



1/2,1 



i=l 



where Ai is defined in (4.10) and Vi := rio(2^t)ui. This can be done by 
proceeding as above for B, separating as in Lemma 4.2, the 4 cases : < 0, 

< 0, < and all the ^j's of the same sign. 
3. 1^1 1 > 2^ and |^i| > 4|^|. In this last region it suffices to prove that 

•■= E E2''2^|hKT-C')(r-e' + i2'=)-i%(e)-?^t.(^3(Afe,i;i,i;2,«3)) 

ki>k l>0 



i=l 



where ^3 is defined in (4.20). But this follows directly from (4.24) for any 
6 G]^, ^ + ^[. This completes the proof of the lemma. □ 

As noticed in [16], B has got a nice structure for passing to the limit in 
the sense of distributions. More precisely, we have the following lemma: 

Lemma 5.2. For any A > 1 and T > 0, the operator dxB is continuous 



from (F^ j! 



1/3,1/3 v3 



into X 



-4,-1/3 



Proof. Taking w G X"^'^^^ supported in time in ] — 2T, 2T[ and extensions 
Ui G F> "^/^'^/^ of Ui G F.l/^'^^^ such that lluilL-i/s.i/a < 211^111^-1/3,1/3, it 
holds 



L2(RxAT) 



00 



A;=0 

00 



L2(RxAT) 



^ E E |(Afe^x,S(Afe^;^-^A,4■-^Afe^;3^'-3)) 

*;=0 |m|<T2'= 



L2(]RxAT) 
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where for any k eN, i e {1, 2, 3} and m G Z, we set := 7(2*^* - m)ui 
with 7 defined as in (4.21). (3.6) and Bernstein inequahty then ensure that 



^ ^ E E 2^'=ll-^-^(|A^I)llLtn2-'/'ll-^-'(|A.^'''"l)llLt 

k=0 |m|<T2'= i=l 
00 3 

< T^2=^'=||Afe^||^o,i/3 n sup ||A,t;f'"*||^-v3,i/3 



fe=0 



But on account of (2.8) (with obvious modification for A; = 0), 



(5.7) 



\^kVi'"^ \\j^-l/3,l/3 < E \\^k+jli^''t - m)Ui\\^-l/3,l/3 
J=-l 
1 



< 5^ 2-('=+^-)/3sup||Afc+,u,||^v3 

~ ll'Willp-l/3.1/3 ^ ||'Ui|L-l/3,l/3 

Therefore, (5.7) leads to 

3 

^ ^ ^Ikllx^.l/S JJ |i«i|i^-l/3,l/3 



i=l 



- X,T 



(5. 



which concludes the proof of the lemma. 

Let us now prove a continuity result for the non resonant part A. 



□ 



Lemma 5.3. For any A > 1 and T > 0, the operator dxA is continuous 
from {F-y f into Xiy\ 

Proof. Taking w G ^x^^"^ supported in time in ] — 2T, 2T[ and exten- 
sions Ui G ,15/32 ^ ,15/32 ^^^^i that ||tti|| -2-6,15/32 < 

2||ni II 2-6,15/32, it holds 

J := \w,dxA{ui,U2,U'i 

/L2(RxAT) 

< Yl {^kWx,A{/^k^Ui,/^k2U2,^kzU3)^ 

(fc,fci,fc2,A:3)GN4 ^ 
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By symmetry we may assume that A;i > A;2 > ^3. Now, the sum in the reion 
ki < 6A;+ 10 can clearly be treated exactly in the same way as we treat B in 
the preceding lemma. It thus remains to consider the sum over the region 
ki > 6k + 10. We follow the proof of Lemma 4.2. First we notice that (4.17) 
-(4.18) hold in this region. Then setting, 

^fei,m _ ^^2>'H - m)u„ i = 1, 2, 3, m G Z, 
with 7 defined as in (4.21), we obtain in this region 



k>0 H>k2>H |rnl<r2'=i 

~ fci>6fc+10 ' '~ 



xAT) 



Proceeding exactly as in (4.24), with (2.8) in hand, we get 

k 

~ XI XI 2~T6 ||Afcu;||^2.i/2 sup ||Afe.i;^''i''"||^o,i5/32 



fe>0 H>k2>H " 1=1 

fci>6fc+10 



^ TyZyZ"^ l«^ll|Afe^^;|L2,l/2 sup(||Ajkjt;J'''"'|| 0,15/32) TT sup ||Ajk.z;''''™|| 0,15/32 
3 

< r||u;|| 3,1/2 TT sup 2"^ ''IIAjfc'itill 15/32 
3 

^ r||w^llx3'l/2 n 11^-2-^.16/32 (5-9) 



1=1 



which completes the proof of the lemma . □ 
For any T > 0, let us define the operator Tt which to u associates 

Tt{u) := J-,-^(rT(n)) 

where 

5^^ r r 

^t{u){^,t) ■= — 1pTu{^,Tl)lpTu{^,T2)llJTu{-^,T3) 

~ ^ tpTu{^l,Tl)'lpTu{^2,T2)lpTu{^3,r3) dn dT2 (Its ,{5 .10) 

«1+S2+«3=S 

(«i+«2)(ei+C3)(e2+«3)7^o 
with ^t(') := ^i'/T) for defined as in Section 2.2. 

In view of (4.1), for any smooth function u G «S(AT x M), Tt{u) = 6{u^ — 



31 



Po{u^))ux on ] — r, T[. Prom the two above lemmas we infer that Tt can be 
continuously extended in F^^ ,15/32 ^j^j^ values in X^^'~^^^. In particular, 
for any u G F^^ ,15/32 T > 0, this operator defined an element 

of ^' with a ^' ^''^-norm which is, according to (5.8) and (5.9), of 
order at most 0{T). This ensures that we can pass to the limit in S' on 

15/32 

Vt{u) as r — )• oo. We can thus define the operator T from F^ ' into 
<S'(AT X M) by setting 

{T{u),4>)s',s, := lim {Tt{u), <j>)s',s, V</> G 5(AT x M) 

T— >oo 

Obviously, j;-^(r(u)) = 6(^2 - Po(^t^))iix- on AT x R for any u G 5(AT x M). 

Definition 5.1. We will say that a function u is a weak solution of (1-3) 
if it satisfies (1.3) in the sense of distributions, when (n^ — Po{u'^))ux is 
interpreted as the inverse Fourier transform ofT{u). 

Proposition 5.2. Let {no,n} C H°°{T) be such that no,n — ^ uq in L'^{T). 
Then there exist a weak solution u G Cyj{R; {T)) D ((J F*'V2^ (13)^ 

s<0 

with u{0) = uq, and a subsequence of emanating solutions {un^,} to (1.3) 
such that for all T > and cf) G -^^(T), 

(n„,(t),(/))^2(Tr) ^ (n(t),(/))i2(T) m C([-T,r]) . (5.11) 

Moreover, Poiu{t)) = Poim) for all t G M. 

Proof. We proceed as in [16]. By Banach-Steinhaus theorem, the sequence 
{^o,n} is bounded in L'^{T). We start by assuming that sup,„gpj ||7io,n||L2 < ^0 
so that the conclusions of Corollary 4.1 hold. From the conservation of the 
L^-norm, the sequence of emanating solutions {un} to (1.3) is bounded in 
L°°(M; L2(T)) and thus, up to a subsequence, {un} converges weakly star in 
L°°(M;L2(T)) to some u G L°°(M; ^^(T)). In particular, {dtUn} and {d^Un} 
converge in the distributional sense to respectively ut and Uxxx- It remains 
to pass to the limit on the nonlinear term. By Corollary 4.1, {un} is bounded 
in G. Prom Lemma 5.1 and lemmas 5.2-5.3 it follows that dx{A(un)+B{un)) 
converges to J^^lj.^{r{u)) in the distributional sense on ] — T, T[xT. Since this 
holds for all T > 0, the convergence holds actually in the distributional sense 
on R X T. Therefore, n is a weak solution to (1.3) in the sense of Definition 
5.1. Note also that, in view of (5.1), u G Us<oF*'^^^. Moreover, according 
to Proposition 5.1, for any time-independent 27r-periodic smooth function 
(p, the family {t {un{t),(p)]^2} is bounded and uniformly equi-continuous 
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on [— r, r]. Ascoli's theorem then ensures that {t {un^.,4>)} converges 
to t ^ {u,<t)) in C([-r,T]). Since is bounded in L°°(M; L2(T)), this 
convergence also holds for any (f) € L^(T). This proves (5.11) and that 
u € C^(M;L2(T)). In particular, u{<d) = uq and for ah i G M, 

/ u{t) dx = lim / Unf. {t) dx = lim / (0) dx = / uodx . 

This concludes the proof of the proposition whenever sup„gf^ ||uo,n||L2 ^ ^o- 
Now, if sup^gjsj ||uo,n||L2 = M > So we use the dilation symmetry of (1.3). 
Recall that if u{t,x) is a smooth global 27r-periodic solution of (1.3) with 
initial data uq then u^{t,x) = \^^u{X~^t,\~^x) is a 27rA-periodic solution 
of (1.3) emanating from Uq = \~^uq{\~^x). Setting Am = M^/e^ so that 

ngN 

it follows from above that the conclusions of the proposition hold if one 
replaces {uo,n}, {un} and u by respectively {^^on)' {^n*^} ^'^^ ^ 
C^(M; L^(Ao'ir)) n ^Us<o-F^^y^^ . This ensures^ that these conclusions also 

hold for {uo.n}) {^n} and u with u{t,x) := Am^*^*^ (A^^; -^M^;) and com- 
pletes the proof of the proposition. □ 

Proof of Theorem 1.2 : Again we have to introduce a notion of weak 
solution for mKdV: 

Definition 5.2. We will say that a function v G Cu,(R;L^(T)) is a weak 
solution of (1.2) with initial data vq if it satisfies the following equation in 
the sense of distributions, 

vt + v^^^ T 6(i;' - P^(/))v^ ± ^Pq{vI)v^ = , (5.12) 

when {v"^ — Po{v'^))vx is interpreted as the inverse Fourier transform ofT{v). 

Of course, any smooth solution of the mKdV equation is a weak solution 
since the L^-norm is a constant of the motion for smooth solutions. 

Let Vq G L^(T). It is easy to construct a sequence {fo,n} C -ff°°(T) 
such that ll^^o.nllL^ = II'^'o||l2 for any n > and vg^n ~^ ^^o in L'^{T). The 
emanating solutions u„ satisfies 

Vn,t + Vn,xxx ± 6Po(^^o)^a; =F H'"n " Po{Vn))Vx = . 



^It can be easily checked that the dilation symmetry u i-¥ \u{X^t, Xx) is an isomorphism 

A 



from F"'^/'^ into F^'^^^ for any A > 1 and s £ 
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We will consider 6Po{vq)vx as a part of the linear group of the equation. 
The Vn satisfy the same Duhamel formula as the solution of (1.3) where we 
substitute the linear group of the KdV equation U{t) by the linear group 
V{t) defined by 

y(%(0 = e^^«)*^(0, ^GA-^Z ,q{0=eT(iPo{vlH. (5.13) 

It is direct to check that all linear estimates remain true when changing the 
functional spaces in consequence. Also the bilinear estimates in Lemma 3.4 
remain true since the resonance relation remain unchanged (see the proof 
of this lemma in the appendix). Therefore, the results of Section 4 and the 
conclusions of Proposition 5.2 remain true when substituting the function 
spaces associated with ?7(-) by those associated withy(-) and (1.3) by (5.12). 

We thus obtain a weak solution v € C«,(IR; L2(T)) n (^Us<o^*''^/^) to (5.12) 

with initial data vq, where F'*'^/^ is defined as F'^'^^'^ but for the group V{-). 
Moreover, by the weak convergence result (5.11), ||t'(i)||L2 < II^o||l2 for all 
t eM. and thus the weak continuity of v ensures that v{t) — )■ v{0) in L^(T) 
as i — > 0. This completes the proof of assertion i). 

Now in the defocusing case, according to [11], the sequence {vn} of so- 
lutions to mKdV emanating from {fo,n} converges in C(M;L^(T)) to some 
function w such that ||t(;(t)||^2 = ||?^o||l2 for all t G M. By the uniqueness 
of the limit in P'(R x T), it; = v on M and thus w is a weak solution of the 
defocussing mKdV equation in the sense of Definition 5.2. Actually, using 
the conservation of the L^-norm for w, we also obtain that w satisfy the 
following equation in the sense of distributions, 

wt + Wxxx - 6(w^ - Po{w'^))wx + 6Po{w'^)wx = , (5.14) 

when {w'^ — Pq{w'^))wx is interpreted as the inverse Fourier transform of 
r(u)). This concludes the proof of assertion ii). 

6 Proof of Theorem 1.1 
6.1 The mKdV equation 

We will prove that the solution-map uq i— u is not continuous at any uq € 
H°°{T) from L2(T) equipped with its weak topology into V'{]0, T[xT). This 
obviously leads to the desired result since L^(T) is compactly embedded in 
H^(T) for any s < 0. Since the sign in front of the nonlinear term will not 
play any role in the proof, we choose to take the plus sign to simplify the 
notations. 
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Let uq G H°°{T) be a non constant function and k 7^ be a real number. 
We set 

Uo,n = + KCOs(nx) 

so that UQ^n Uq in L^(T) and ||'Uo,„|||2 — ^ ll^olli2 + z^^^- According 
to Proposition 5.2 there exists a subsequence {tinj,} of the emanating so- 
lutions {un} to (1.3) and u G C^(M;L^(T)) a weak solution of (1.3) , 
with u{0) = uo, satisfying Urn,{t) u{t) in L^(T) for all t G M. Let now 
{vuk '■— Uriki'j' ~ If ||'"o,nfc III2)} be the associated subsequence of solutions 
to mKdV emanating from {uQ^n^}- We proceed by contradiction. Assum- 
ing that the solution-map is continuous at uq from L^(T) equipped with 
its weak topology into I?'(]0, T[xT), wc obtain that {vm,} converges in the 
sense of distributions in ]0,r[xT to the solution v G C°°(M; i/°°(T)) of 
mKdV emanating from uq. It follows that {un^} converges in the same 

sense to v(^-,- + §^i\\uo\\'j^2 + i^^t^)^ and thus 

u = v(^;- + ^{\\uo\\1,+k\)') on]0,T[. (6.1) 

This ensures that u is actually a strong solution of (1.3) and satisfies this 
equation everywhere on ]0,r[xT. On the other hand, according to (6.1), u 
is also solution of 

Ut + Uxxx + q(u'^ - Poiu^) - K^/2^U.j, = . 

This forces Ux to be identically vanishing on ]0, r[ which contradicts that 
u{0) = Uq is not a constant and u G C^(IR; L^(T)). 

Note that in the contradiction process, we can replace the assumption 
on the continuity of the solution-map by the assumption that the flow-map 
Uq i-^ u{t) is continuous from L^(T), equipped with its weak topology, into 
V'{T) for aU t G]0,T[. Since for each t G M, Un^{t) u{t) in ^^(T) we also 
get a contradiction. This proves assertion ii") of Remark 1.1. 

6.2 The KdV equation 

First, recall that Miura discovered that the Miura map M(n) := u' + u^ maps 
smooth solutions to the defocusing mKdV equation into smooth solutions 
to the KdV equation. Actually, it was observed in [8] that the Riccati map 

R{u) := u' + u'^ - Po{u'^) 

maps smooth solutions to the defocusing version of equation (1.3) (i.e. with 
the -|- sign in front of the nonlinear term) into smooth solutions to the KdV 
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equation (1.1), i.e. if u is a smooth solution of the defocusing (1.3) then 
R{u) is a smooth solution of (1.1). Moreover, according to [10], this map 
enjoys the following property : 

Theorem 6.1 ([10]). The Riccati map R is an isomorphism from Lq(T) 
into H^^{T). 

Actually, we will only need the Riccati map to be a bijection from Hq^(T) 
into itself. For sake of completeness, we give in the appendix the outline of 
the proof of this property. 

Now, let wq G Hq°{T) and k G M* be given. We set := "Wq — cos x, 
no := R-^{9o) e H°°{T)^ and 

uo,n '■= uo + K[cos{nx) + cos((n + l)x)] . 

Clearly, uo,„ ^ uq in L'^{T), ||no,n|li2 11^*011^2 + 2«;27r and -R(uo,n) ^ 
6o + cos{x) = Wo in H~^{T). According to Proposition 5.2 there ex- 
ists a subsequence {Ufik} of the emanating solutions {n„} to (1.3) and 
u G Cu,{R; Ll{T)) such that Un^{t) u{t) in L^{T) for all t G M and u 
is a weak solution to (1.3). To identify R{u) we will need the following 
lemma 

Lemma 6.1. The operator ui-^ — Po{u'^) is continuous from Fj, ^/^^'^/-"^^ 
into X''(] -r,r[xT). 



Proof. We set 



C{u,u):=u^-Po{u^)=Y.[ ^(6)^i(6)' 



Taking w G V{]-T, T[xT) and extensions Ui G F-Vi6,7/i6 ^. ^ i/i6,7/i6 
such that llixi 11^-1/16,7/16 < 211^111-1/16,7/16, it holds 



L2(MxT) 



< 



^ |(Ajfcu;,C(Ajfcjni,Afe2'U2)) 



(fe,fci,fc2)eN3 



L2(RxT) 



By symmetry we may assume that ki > k2- We set 

^kum ^^2^n _ ^Y^.^ i=l,2, m G Z, 



^It is easy to check that uo € -L^(T) and R{uo) € -H'o°(T) ensure that mq £ Hg^iV- 
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where 7 : M i->- [0, 1] is a C°°-function with compact support in [—1, 1] 
satisfying 7 = 1 on [-1/2, 1/2] and Emez7(* " = 1 on R. We then 
obtain 



(fc,fc2.fc3)eN3 |m|<T2'=i 



L2(RxT) 



We separate N'^ into two regions. 

1. The region : ki < 4fc + 4. Then by (3.6) and (2.8), we can write 



(fe,fe2,'=3)eN3 |m|<T2*=i 



< T J2 2'=^22'=^/3||A,«;||^.nsup2-^'^/3||A,^^f-™||^o,V3 

(fc,fc2,fc3)eN3 i=l "^^^ 



< r(sup25*^/3||Afci(;||i2)TT sup sup \\Ak,v'l''"'\\x- 1/3,1/3 

^ T'||w||i2(R.^2(T))||«l||p-l/3,l/3 11^2 11^-1/3,1/3 (6.2) 

which is acceptable. 

2. The region : fei > 4A; + 4. Note that in this region, k2 > fci — 2 > 4/j + 2. 
In this region we wih need the weU-known resonance relation 

|a -ai- (721 = 13^661 >22'=S (6-3) 

where ^ = ^1 + C2 and a, (Ti,(T2 are defined by (4.14). We subdivide this 
region into subregions with respect to the maximum of (|(7|, |<Ti|). 
• \a\ = max(|c7|, |o"i|,(72|). In this subregion, making use of (6.3), (3.6) and 
(2.8), we get 

J < Yl E \\^kwU4^kA'n\L4^kA'n\L^ 



(fc,fc2,fc3)eN3 |m|<T2'=i 

fcl>fc2, fcl>4fc+4 



2 

< T 2'=i22'=i/32-2fci||Afcw;|Uo,insup2-^i/3||Afc,i;^'=i''"||^o,i/3 

(fc,)c2,fc3)eN3 1=1"*^^ 

fc]^>fe2, fei>4fe+4 

< T IIwIIjs^ciIIui 11^-1/3,1/3 ||m2 11^-1/3,1/3 • (6.4) 
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• \ai\ = max(|(7|, |(7i|,cr2|). In this subregion, defining ui, I > ki as in (4.23) 
and making use of (6.3), (3.7) and (2.8)-(2.9), we get 

(fe,fci,fe2)eNf lm[<T2'=i />0,/2>fei 

ki>k2, ki>4k+4 ~ 

< T Yl Yl 2'/22'=i(2'2/42-*^i/4 + l)||Ajti(;||i2 



(k,ki,k2)eN^ l>Q,l2>k\ 
kl>k'2, fci>4fc+4 



sup \\i>i,A,,v',''^\\r^. 2-^^i/« sup ||Afe,^^'"^||^o,via 



fci>fc2, fci>4fc+4 



II A ki,m\\ 
sup IIAjfcj?;/' 11x0,7/16 



< r||u;||xo,i JJ ||uj||p-i/i6,7/i6 . (6.5) 

i=l 

• |fT2| = max{\a\, |cri|, cr2|). Then we can proceed exactly as in the preceding 
case by exchanging the role of v^^'"^ and V2^'"^. Gathering (6.2), (6.4) and 
(6.5), we obtain the desired continuity result. □ 

By Corollary 4.1, Lemma 5.1 and possibly dilation arguments as in the proof 
of Proposition 5.2, we know that the sequence {un} is relatively compact in 
Fj, ^/^^'^/^^ for any T > 0. Prom the above lemma we thus infer that 

R{un) Riu) weak star in L°° {R; H''^ (J)) . 

We proceed now by contradiction. Let us assume that the solution-map 
is continuous at = + k^cosx from H~^{T) equipped with its weak 
topology into V'{]0,T[xT). Since wq e H^{T), we deduce from Lemma 6.1 
that wq = R{0o) for some Oq G Hq°{T) with 0q ^ uq. By the continuity of 
the solution-map at wq, R{u) must be equal on ]0, T[ to the solution of KdV 
emanating from wq which is nothing else but R{0) where O is the smooth 
solution to (1.3) emanating from ©q. This ensures that u{t) G iJo°(T) for 
all t G]0,T[ and the injectivity of R on H^{T) then forces u = 6> on ]0,r[. 
This contradicts that u(0) = uq ^ Oq = 0(0) and both functions are weakly 
continous with values in L^(T). 
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7 Appendix 

7.1 A simplified proof of (3.6) 

We give below a very simple proof of (3.6). Recall that this estimate was first 
established in [1] . To simplify the notations we take A = 1 (this corresponds 

to 27r-periodic in space functions) but it easy to check that the proof is 
exactly the same for any A > 1 (see for instance Section 7.2 for the slight 
modifications in the case A > 1). By the triangle inequality, we write 



\L2 = \\v-kv\\L2 < ||(Ail^|)*(A2l^')l 

il>0,«2>0 



L2 



h>l2>0 



L2 



where the f3i, I £ N, are defined in (2.2). The proof of (3.6) will then follow 
from the following lemma. 

Lemma 7.1. Let ui and U2 be L^(Z x ]R)-rea/ valued functions then for any 



(7.1) 

Indeed, with this lemma in hand, rewritting li as li = I2 + I with Z G N, 
we get the following chain of inequalities 



1/6, 



il>/2>0 



L2 



/>0 «2>0 

^ E E 2'^/^II-.2«IIl22-'/^2('^+')/3||,^^^^^||^, 

l>0 l2>0 

< E2-'/^(E2"/'ii-^.*iii2)'^'(E 2('^+^)/^ii..2+.^^iii2) 



1/2 



/>0 



l2>0 



< 



1x0.1/3 



It thus remains to prove Lemma 7.1. Following the arguments given in [2] 
(see also [[20], page 460]for more details) we can assume that u and w are 
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supported in {(r, ^) G M x Z+}. Let us recall that these arguments are 
based on the fact that the operator j : L^(]R x Z) L^(]R x Z), defined 
by 3{u){t,C) = u{—T,—^,), is an isometry of L^(M x Z) satisfying, for any 
real- valued fl L^-functions ui and U2, 

\\ui*U2\\l^(MxZ) = Ikl *j('"2)||L2(]RxZ) ■ 

By Cauchy-Schwarz in (ri,^i) we infer that 



^ sup a(r,0 ||Ai?ii|li2||A2«2|li2 , 



< 



where 

< mes{(ri,ei) €MxZ+/ GZ+, 

(n - e?) ~ and (r - n - - 6)') ~ 2'^ } 

< (2'i A2'^)#^(t,0, 

with 

^(r,e) := {6 > 0/ e - 6 > and (r - _ _ ^^)3^ < y 2^2y . 

We separate two regions. In the region > 2'^ V 2'^, we notice that dy[T — 
- y)^] = -6^ which leads to 

/2'i V 2^2 X 1/2 / , , \i/3 

#Ar,0<{—^) +1<(2^^V2'^) . 

In the region < < 2'i V 2'^, we use that < < obtain that 

#A(r,0<#{6, 0<^?<2'i V2'^}< (2'i V2'^) . 
This completes the proof of (7.1). □ 
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7.2 Proof of (3.7)-(3.8) 

We take A > 1. Let A C X'^Z and let, for any ^ G X'^Z, B(0 C X'^Z. To 
prove (3.7)-(3.8) we first notice that, by Cauchy-Schwarz, 

Jm A ^ L2(AxM) 



^1 "'^-£5(0 
2 IL. I|2 



< sup a(r,0 ||^^i|Il2 11^2 11^2 



where 



a 



{t,0 ^ "ies|(ri,^i) € RxB{^) / {ti,^i) G supp(«i) and {t-ti,^-^i) € supp(w2)} 
Therefore, assuming that supp(nj) C {(t, ^)/(r — < Lj}, we get 
a(T,0 <(iiAL2)mes[C(r,0] 

with 

C(r, := G - ft^ - - Ci f) < i^i V L2} . 

(3.7) then follows by noticing that dy[T — — — y)^] = —6^ and thus, for 
any |C| > iV > 0, 



mes[CiT,0] = j#C{r,0<j 



(LiVL2)^/^ 
Ari/2 



V 1 



Finally, (3.8) follows by noticing that 

dy[r - - (e - yf] = -3(y + (C - 2/)) (2/ - (e - y)) 

and thus, on S(^) = {^1 G A^^Z / |6I - 1^ - 61 > N > 0}, it holds 



(ei + (C-6)) (6 -(^-6)) 



which leads to 



mes[C{T,0]<j 
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7.3 Outline of the proof of the bijectivity of the Riccati map 
from H^{T) into itself. 

We follow the arguments in [8]. For u G i?o°(T) we denote by L„ the 
Schrodinger operator with potential u, i.e. 

d 

with domain i?^(T). One can associate to Lu the energy defined on 

by 

Jt 

Since L„ is a self adjoint operator with compact resolvent, it has a discrete 
spectrum Ai < A2 < ••• with A„ — > +00. By the definition of one must 
have Eu{<j)) > Ai Jj4>'^ for any G H'^iT) with equality if and only if (j) is 
a Ai-eigenfunction. For u ^ 0, noticing that -E(l) = and that 1 is not an 
eigenfunction, it follows that the first eigenvalue Ai is negative. Then, by 
standard arguments, one can check that Ai is a simple eigenvalue with an 
eigenfunction that is a non vanishing //°°(T)-function. On the other hand, 
if u = it is well-known that the first eigenvalue of Lq is and that the 
associated eigenspace is spanned by 1. In both cases, we normalized this 
eigenfunction by requiring it to be positive and L^-normalized and we call 
it (f)i. Introducing the logarithmic derivative v oi (pi, defined by 

ax 01 



we observe that 



4>i,xx f4'i,x\^ . 2 

Vx = — — — =U- \i-V 

<pi \ <pi y 



and thus u = Vj; + v'^ + Ai. Taking the means of both sides of this equality 
it leads to Ai = —Pq{v'^) which ensures that u = R{v). This proves that 
R is surjective from H^(T) into itself. Now, let w G H^{T) be such that 
R{w) = u. Setting 

)( / w{s) ds) 
Jo 

it is easy to check that w = p' / p. Observing that 



rx 

p := exp( 
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easy calculations then lead to 



'u 



(</)) =/(</.'- wct>f - Po{w'') [ <i>\ y<j> e H\T) 




It follows that E{p) = -PoiuP) fjp^ and E{4>i) > -Po{w^) fjCpj. This en- 



sures that —Pq{'w'^) = Ai. Therefore, p/y f p^ = (pi and thus w = (pi/fpi = 
V. This proves the injectivity of R in H^{T). 
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